We demonstrate the directional scattering cancellation for a dielectric sphere of radius up to ten times the incident wavelength, by coating it with a surface of finite conductivity. Specifically, the problem of determining the values of the surface conductivity that guarantees destructive interference among hundreds of multipolar scattering orders at the prescribed angular direction is reduced to the determination of the zeros of a polynomial, whose coefficients are analytically known .
More than three decades ago, Kerker and co-workers predicted the suppression of the directional scattering in magneto-dielectric spheres of arbitrary size, illuminated by a plane wave. Specifically, they theoretically demonstrated backscattering cancellation if ε = µ, and nearly zero forward scattering if ε = (4 − µ) / (2µ + 1) [1] . In both conditions, the scattering cancellation results from the destructive interference between magnetic and electric multipoles of same order. More recently, the backscattering cancellation in a small non-magnetic sphere was demonstrated [2, 3] by engineering the interference of magnetic and electric dipoles. This scenario, that generalizes the first Kerker's condition, has been experimentally observed both in the microwaves [4] and in the visible spectral range [5, 6] . Rigorous conditions for the directional scattering cancellation may have a great impact in scattering shaping and control, in optical wireless nano-antenna links, in manipulation of quantum dot emission, and in the engineering of optical polarizations and forces.
However, as stated in a 2018 review on generalized Kerker effects in nanophotonics and metaoptics [7] , "almost all previous studies have only explored interference of low-order multipoles (up to quadrupole) whereas high-order multipole can certainly bring extra opportunities". The main reason behind this fact is that directional interference can be analytically designed only when a small number of multipoles is involved, while, for larger objects, it has been necessary so far to resort to trial-and-error or optimization algorithms. In [8, 9] there is a first attempt to devise a general method to cancel the backscattering of a homogeneous sphere that applies beyond the small particle regime. However, the cancellation of the backscattering was only limited to a sphere of radius of the order of the incident wavelength, due to a lack of robustness that appears when many scattering orders are included.
Here, by using a surface coating, we are able to cancel the directional scattering of a non-magnetic sphere of radius up to ten times the incident wavelength. The surface coating may be implemented by a two-dimensional material [10] , or by a film with thickness much smaller than the sphere radius and than the wavelength . The method we used leverages on an analytical decomposition of the full wave scattered field in terms of material independent modes [8] . In this case, both poles and modes are found analytically. This fact allows to overcome the limitations of Refs. [8, 9] . Then, we determine the values of the surface conductivity that guarantee the destructive interference among hundreds of multipolar scattering order, by finding the zeros of a polynomial, whose coefficients are analytically known. This approach also enables the identification of the modes responsible for the interference. We demonstrate the validity of the introduced approach by cancelling the backscattering of a dielectric sphere of radius varying from one-fourth to ten times the incident wavelength, and the forward scattering of a sphere of radius varying from one-fourth to five times the incident wavelength.
Let us consider the electromagnetic scattering by a sphere of radius r, occupying the region Ω + , of boundary Σ = ∂Ω + . In the following we denote the external region with Ω − . The object is excited by a time harmonic electromagnetic field incoming from infinity, namely Re E i (r) e −iωt , where ω = 2πc 0 /λ is the frequency, λ is the wavelength, and c 0 is the speed of light in vacuum. The material of the object is a non-magnetic, isotropic, homogeneous dielectric with relative permittivity ε r , surrounded by vacuum. We denote with E ± 0 the total field in Ω ± , and the corresponding scattered field as:
If the incident field is a x-polarized plane wave, propagating along z, i.e. E i = E incx e ikz , where k = ω/c, the scattered field in Ω − can be expressed in terms of vector spherical wave functions (VSWFs) [11] as
where E n = i n E inc (2n + 1) /n (n + 1), the subscripts e and o denote even and odd, while the expression for a 0 n and b 0 n can be found in [11] . Now, in order to modify the scattering properties of this object, we cover the domain Ω + with a surface coating. The coating is made of a linear, homogeneous, isotropic, time-dispersive material of finite conductivity σ (ω). We denote with E ± the total field in this modified scenario. The constitutive relation of the 2D coating material is
where J s is the surface current density on Σ, and ← → T is the projector that extracts the tangential component of the electric field to the oriented surface Σ, namely
S represents the change in the electric field caused by the introduction of the coating, namelỹ TABLE I . Normalized surface conductivity ζ0σ that cancel the backscattering by a sphere of given r/λ, εr = 4, and assuming an expansion order Nmax. Corresponding forward-to-backward scattering ratios, calculated by using only sf significant figures of σ.
The fieldẼ ± S is solution of the following problem:
Equations 5-7 have to be solved with the radiation conditions, which constraint the scattered field to be an outgoing wave. Let us consider the auxiliary homogeneous problem obtained from Eqs. 5-7 by zeroing the driving term E − 0 . The electric field, that satisfies the homogeneous problem, can be represented in terms of VSWFs in the domains Ω + as:
and in Ω + as:
By substituting the expansions 8,9 into the homogeneous problem, we obtain, for a given indices pair m and n, the equations:
where the prime denotes differentiation with respect to the argument in parentheses, j n and h (1) n are the spherical Bessel and spherical Hankel functions, and ζ 0 is the normalized characteristic impedance. Non trivial solutions of the linear problems described by Eqs. 10 are obtained by zeroing the determinant of the corresponding matrices shown in Eqs. 11. The corresponding resonant surface conductivities are
They only depend on r/λ and ε r . The eigenspaces corresponding to them are spanned by
where m ∈ N 0 and p ∈ {e, o}.
Starting from the electric field modes, we obtain the expansion ofẼ S , solution of the non-homogeneous problem of Eqs. 5-7Ẽ
where
In the case of a x-polarized plane-wave excitation, propagating along the z-axis, only the coefficients P TM e1n and P TE o1n are non-vanishing and have the closed-form expression:
The scattered field in Ω − is obtained by adding Eqs. 2 and 15:
In Eq. 18, the material of the coating only appears through σ in the factors σ σ TM n −σ and σ σ TE n −σ . Therefore, Eq. 18 separates the role of geometry and size from the role played by the material. We note that the expansion 18 is analytical. TABLE II. Normalized surface conductivity ζ0σ that cancel the forward scattering by a sphere of given r/λ, with εr = 4 and assuming an expansion order Nmax. Corresponding forward-to-backward scattering ratios, calculated by using only sf significant figures of σ.
We now show how to cancel either the back or forward scattering of a homogeneous sphere by designing the permittivity of its surface coating. The radiation pattern is defined as
where θ and φ are the polar and azimuthal angles, respectively. Due to symmetry considerations, the only nonvanishing component of the radiation pattern at both the back (θ = π) and the forward (θ = 0) directions is the θ component E ∞ S · i θ . Therefore, we have to find the zeros of E ∞ S · i θ as a function of σ, where E ∞ S · i θ is expressed as:
where a n and b n are defined in Eqs. 19, and M (∞)
e1n (θ, φ) . We substitute Eqs. 19 into Eq. 21, then we fix the values of r/λ, ε r , φ = 0, and θ = π for the backscattering cancellation, and θ = 0 for the forward scattering cancellation. We then truncate the sum to N max . The resulting expression of E ∞ S · i θ is a complex-valued function of the complex variable σ. We put all the terms of the resulting sum over a common denominator, obtaining, in this way, a rational function of σ. Eventually, we zero the resulting numerator, which is a polynomial in σ of order 2N max . Several solutions can be found.
In Tabs. I and II we show the values of σ with five significant figures, that guarantee the back and the forward scattering cancellation, for different values of r/λ and for ε r = 4. In addition, for each scenario, we show the achieved values of forward-to-backward scattering ratios, i.e. as a function of the number of significant figures sf of σ. Although ρ is highly sensitive to sf , we note that, even with sf = 2, we achieve a good directional scattering cancellation. All the values of σ that guarantee forward scattering cancellation have negative real part, which correspond to active surfaces, consistently with the optical theorem [11] . For each of the scenarios of Tabs. I-II, we plot in Fig. 1 (a-d) and 2 (a-c) the corresponding squared magnitude of the radiation pattern as a function of θ for φ = 0, while, in Fig. 1 (e-h) and 2 (d-g), we plot the magnitude of the Mie coefficients. We note that the scattering cancellation is not a result of destructive interference between magnetic and electric multipoles of same order but is a global interference among all the scattering orders.
The cancellation of the forward scattering may be very challenging. Since the surface that guarantees forward scattering cancellation is necessarily active, σ lies either on the II or on the III quadrant of the complex plane. Therefore, the zeros may be positioned very close to one of the eigen-conductivities. This fact has two important consequences. First, finding the roots of the polynomial is numerically harder, and an increased working precision may be needed. Second, the forward scattering may be very sensitive to perturbation of σ in the neighbourhood of the solution. This is exactly what happens for r/λ = 5 where the value of σ, shown in Tab II, is very close to the eigen-conductivity ζ 0 σ TM 27 = −1.9976 + 13.614 i, and the electric multipole n = 27 is dominant, as shown in Fig. 2 (g) .
